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ABSTRACT: We conducted a computer simulation for the structural changes of randomly oriented
lamellae of block copolymers under steady shear flow and observed two types of structural changes: one
is breakup and recombination of lamellae, and the other is undulation of lamellae. To interpret these
phenomena, we analyzed the stability of a lamellar structure when its periodicity is changed. We found
that there are three types of instability: (1) The Eckhaus type, which causes nonuniform lamellar spacing,
(2) an undulational type, which causes undulated lamellae, and (3) a melting type, which entirely destroys
the lamellar structure. Using the complex amplitude equation for the modulated lamellae, we obtain

the phase diagram for these instabilities.

1. Introduction

One of the distinctive features of block copolymers is
that, in the ordered equilibrium phase, they exhibit
mesoscale periodic structures consisting of lamellae,
cylinders, or spheres. It has been shown that flow fields
affect these mesoscale structures, giving rise to global
orientation®2 of lamellae or cylinders. In particular,
many experimental works®~10 have been reported re-
cently studying the direction of final (or steady) align-
ment of lamellae of block copolymers under shear,
varying the shearing conditions and the temperature.
The alignment achieved by shear was first found to be
“parallel”, i.e., lamellar normals are parallel to the shear
gradient direction,24 but recently, other alignments such
as “perpendicular” and “transverse” alignments in which
the lamellar normals are parallel to the vortex direc-
tion35779 and to the velocity direction,?1° respectively,
have been observed. In spite of these considerable
experimental works, a clear answer to the mechanisms
for flow-induced lamellar alignment was not obtained.

On the theoretical side, Amundson and Helfand* first
studied the stability of the lamellar structure in block
copolymers under deformation and showed that the
lamellar phase can be transformed into a disordered
state if the deformation is large. They also calculated
the elastic deformation constants of lamellar block
copolymers. Further analysis of the problem was done
by Wang,? who showed that the stretching deformation
causes lamellar undulation giving an anomalous elastic
response. Williams and MacKintosh®® studied the
behavior of lamellae alternatively sheared along their
planes and showed that it can induce lamellar undula-
tion at high frequency. All these theories are quasi-
static, and only the free energy change is analyzed. On
the other hand, theories based on kinetic equations have
been proposed by Fredrickson* and by Goulian and
Milner,!> who analyzed the steady-state orientation of
lamellar phases under the steady shear flow.

In this paper, we consider the problem of how a
randomly oriented lamellar morphology changes its
structure toward the perfectly oriented lamellar mor-
phology when a shear is applied. To answer this
question, we performed computer simulation based on
the Ohta—Kawasaki model*® for block copolymers using

® Abstract published in Advance ACS Abstracts, March 1, 1996.

0024-9297/96/2229-2652$12.00/0

-

—_—

Figure 1. Schematics of the compression or expansion effect
for lamellar grains due to shear deformation.

—_——

the cell dynamical scheme proposed by Oono et al.17-19
The result indicates that there are two typical structural
changes of lamellae: one is the breakup and recombina-
tion of lamellae and the other is the undulation of
lamellae. The former of these structural changes occurs
in the region where lamellae are compressed, and the
latter occurs in the expanded region. Therefore these
structural changes can be attributed to an effect of shear
causing compression or expansion of each lamellar grain
(see Figure 1).

To confirm this, we studied both numerically and
analytically whether the lamellar structure remains
stable or not when its periodicity is changed. This is
the same problem as that studied in the earlier works,1.12
but the expression of the free energy is different and
the method of the analysis is more general in our
approach. For the present problem, we found that there
are three types of instability: (1) The Eckhaus type, (2)
an undulational type, and (3) a melting type. The
Eckhaus instability signifies a compression/dilatation
instability with a long wavelength (nonuniform lamellar
spacing) and has been observed in convection roll
systems such as Rayleigh—Bénard convections.?° From
the analysis, we construct the phase diagram for the
instabilities.

2. Basic Equation

We consider a block copolymer consisting of two
homopolymer blocks A and B, each having the degree
of polymerization Na and Ng, respectively. The total
degree of polymerization is N = Na + Ng and the ratio
of the A block is f = Na/N. In the present study, we
focus our attention on the symmetric case, i.e., f = 0.5.
We use the model proposed by Ohta and Kawasakil®
for the block copolymer mesophase. This model has
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Figure 2. Density profile of the randomly oriented lamellar
structure obtained by the simulation with y = 0 iterated for
105 steps.

been used in the investigation of the rheological behav-
ior of the cylindrical hexagonal phases under oscillatory
shear flow.?!

In the Ohta—Kawasaki model, the free energy of the
block copolymers is described as a functional of the local
segment density of A, B pa(r), ps(r) at point r. We
assume that the system is incompressible; i.e., pa(r) +
es(r) = po is constant. The order parameter y(r) is
defined as the composition difference between the A and
B components:

»(r) = PA(r)Z;OPB(r)

Within the mean-field approximation, the free energy
functional is represented as a sum of two parts,

H{y}
pokaT H{y} + H {y} (2.2)

The term Hs{vy} stands for a short-range part,

H(y} = far {wey) +50007)  @3)

where W(y) stands for the mixing free energy of the
homogeneous blends of disconnected A—B homopoly-
mers and the term D(Vy)? represents the free energy
cost due to the spatial variation of y. The other term
H{y} represents a long-range part,

H{y} = %afdr dr G(r—r)wnNy(r) — y*) (2.4)

where y = 2f — 1 and the function G(r) is the principal
solution of V2G(r) = —d(r). The functional form of W(y)
is rather arbitrary provided W(y) has a double mini-
mum. Ohta and Kawasaki assumed a simple polyno-
mial function of W(y),

(2.1)

1 1
W(y) = §aw2 + Zg¢4

with a < 0. In our computer simulation, we choose a
slightly different expression:

(2.5)

W(p) = —A In(cosh 1) + %1/)2 2.6)

since it has been reported?® that this form of W(y) gives
better numerical stability. The two expressions can be
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related to each other through the behavior of W(y) for
small . Since

—A In(cosh y) + %wz =
10— A+ LAt
S = AP+ AR+ @)

we have

_1
g=3A (2.8)

a=1-—A,
These parameters can be related to molecular charac-
teristics. According to Ohta and Kawasaki,'¢ a, D, and
o are given in terms of the degree of polymerization N,
the segment length b, and the Flory—Huggins param-
eter y as

1 _ b? 144
a= N(sz 72), D= a_szz

(2.9)

for f = 0.5.

The time evolution of y(r) under a given flow field v
is given by the TDGL-type equation with a convective
term,

oy . _ 20H{y}
e + V{(vy) = MV e
where M is a transport coefficient. We assume that the
flow is a simple shear flow with constant shear rate y;
Vx = 7Y, vy = v, = 0. Thus the time evolution equation
employed here becomes

(2.10)

W = —py2l £ MV -DV?y + F()} — May
where F(y) = dW(y)/dy. This equation can be used both
to construct an equilibrium lamellar phase (solving it
for 7 = 0) and to study how the domains are deformed
under shear (solving it for a certain value of ).

(2.11)

3. Computer Simulation

3.1. Simulation Method. In this work, we re-
stricted ourselves to a two-dimensional system. We
used the cell dynamical method proposed by Oono et
al.1’~19 to solve the time evolution equation (2.11). In
this method, the space coordinate is given by the lattice
point n = (ny, ny) in an L x L square lattice of cell size
ap. The discrete version of the Laplacian of an arbitrary
function X(n) is given by

V2X(n) = (X (n)T- X(n)) (3.1)
o
where [IX(n){Mstands for the following summation of
X(n) for the nearest neighbor (n.n.) cells and the next
nearest neighbor (n.n.n.) cells;

1 1
X (n)I= — X(n) +— X(n) (3.2)
6 nzzn.n. 12 nZ;.n.
Using ap and 7o = ap®M as the unit of length and the
time scale, we rewrite eq 2.11 in a dimensionless form:

d ~ 9 ~ ~
W= YR+ VDV + R} —ap (33)
where 7 = 7a¢2/M, D = D/ag?, and & = aa?. Then we
can write the cell dynamics equation corresponding to
eq 2.11 as a difference equation,

1~
Y(n L) = p(n.t) = Sin,pn,+Lngt) — y(n-

1,n,H] + NI 1(n,t) — Gap(n,t) (3.4)
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v=1.35

Figure 3. Density profile of the lamellar structure obtained by the simulation with 7 = 1073, The profile indicated in Figure 2
is used as the initial state, and profiles a—d show the state for shear strains y = (a) 0.8, (b) 1.3, (c) 1.35, and (d) 1.55. Arrows
show the direction of the flow.

where I(n,t) is the discrete thermodynamic force corre-
sponding to dHs/oy:

I(n,t) = —A tanh y(n,t) + y(n,t) — D[E(n,t)I—
yp(n,1)] (3.5)

In the present simulation, we fixed the parameters as
A =1.26,D = 0.5, and & = 0.012 and used the sheared
periodic boundary condition. This set of parameter
gives the most unstable wavenumber k. (see eq 4.12)
as

k. =0.39 (3.6)
and its growth rate A as
A = —k Dk + F'(1p=0)) — & = 0.016 (3.7)

3.2. Instability for Randomly Oriented Lamel-
lae in Shear. From now on, we shall drop the tildes
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~v=1.55

from D, ¥, and & and use D, 7, and o instead. The
simulation was done in the following way. First, we
constructed a randomly oriented lamellar pattern by
letting a rather large system (L = 256) relax below the
order—disorder transition temperature: we set 256 x
256 small random numbers fluctuating around 0 to
»(n,t=0) and then iterated eq 3.4 with y = 0 for 10°
time steps. This generates the randomly oriented
lamellar pattern shown in Figure 2. Next, we applied
a weak steady shear flow; i.e., we iterated eq 3.4 for ¢
= 1073. We did not change the shear rate since the
structural change described below is mainly determined
by the shear strain rather than shear rate.

Figure 3 shows the density profiles of y(n,t) for
various strains. Various characteristic structural changes
can be observed in these figures. In the case of (a), an
undulation of lamellae can be observed in the region
surrounded by the circle. On the other hand, in the
cases of (b), (c), and (d), the breakup and recombination
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Figure 4. Relaxation of uniform lamellae of the size L x L = 32 x 32 with initial wavenumber k = (a) 4/L, (b) 3/L, (c) 5/L, (d)

2/L, and (e) 6/L. The numbers denote the time steps.

of lamellae are seen: The encircled region in (b) becomes
almost disordered in (c) and again recovers the ordered
state by the recombination of the broken lamellae in (d).

Note that the lamellar thickness increases in the
encircled region of (a), while it decreases in the region
of (b). Therefore, these two kinds of instabilities can
be considered to be caused by the change of the thick-
ness of lamellae due to the shear strain. This motivated
us to investigate the stability of a lamellar structure
which does not have an optimum (or equilibrium)
periodicity.

3.3. Instability of Perfectly Oriented Lamellae
in Compression and Expansion. To study the sta-
bility of the compressed or expanded lamellae, we
conducted the following simulation. We start from the
initial condition y(n) = A cos(2zkny) + noise term and
solve eq 3.4 for y = 0 numerically. If the initial
periodicity 1/k is close to the optimum periodicity, the
lamellae retain the initial periodicity. On the other
hand, if the initial periodicity is too far from the
optimum value, the lamellar structure becomes un-
stable. By varying the initial periodicity, we can check
the stability of the lamellae with nonoptimum periodic-
ity.

The initial condition has two parameters A and k, but
it was found that the results are almost independent of
the initial amplitude A. This is because the amplitude
is first optimized in a rather short time (10—30 steps),
and thereafter the relaxation of the periodicity takes
place slowly.

Because of the periodic boundary condition, the wave
vectors can take only discrete values of k = n/L, where
nis an integer. In the present simulation, we fixed the
system size at L = 32 and prepare five different uniform
lamellae with the wave vectors k = 2/L, 3/L, 4/L, 5/L,
and 6/L.

Figure 4 shows the time evolution of y(n,t) during
the relaxation processes for various initial values of k.
For k = 4/L (Figure 4a), the lamellae remain uniform
and no structural changes are observed. The system is
in the stable regime in this case. In contrast, significant
structural change is observed for k = 3/L (Figure 4b)
and 5/L (Figure 4c). In the former case, which corre-
sponds to an increase of the lamellar thickness, the
lamellae start to undulate and take a corrugational
shape in the end (Figure 4b). On the other hand, in
the latter case, which corresponds to a decrease of
lamellar thickness, the lamellar spacing begins to be
modulated, and finally one of the layers merges with
its neighbor (Figure 4c).

In the case of the strong deformations of k = 2/L and
6/L, the lamellar structure disappears temporarily and
thereafter the normal phase ordering process starts
(Figure 4d,e). Thus we observed four types of structural
evolution for the lamellae which have nonoptimum
periodicity: the lamellae (1) remain uniform, (2) undu-
late, (3) merge with the neighboring ones, and (4) melt
temporarily into the disordered state, respectively. In
order to know the boundaries between these regions,
or the thresholds of the instabilities, we conducted a
stability analysis for the expanded or compressed lamel-
lae.

4. Stability Analysis

4.1. Equation for Complex Amplitude. We con-
sider the vicinity of the order—disorder transition and
study the free energy of a slightly modulated lamellar
structure whose profile is described by

W(r) = %{A(r) exp(ikx) + c.c.} (4.1)
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where A(r) represents the modulation of the uniform
lamellar profile o = Ap cos kx. We assume that A(r)
varies very slowly in space compared with the basic
sinusoidal pattern. Notice that A(r) takes complex
values; the real part of A represents the modulation of
the amplitude, and the imaginary part represents the
phase shift.

We substitute the function (4.1) into the free energy
functional (2.2) and drop the terms with nonzero Fourier
components; i.e., we set

Jdr 9,A(r)™ exp(inkx) = 0 (4.2)
for n = 0. This approximation gives, for example, the
first term ineq 2.3 as
a 2_4a 2 . 2y _
Efo|4 p?= 8fdr (A% exp(2ikx) + c.c. + 2|A]?) =

a
2Jdr IAm® (4.3)

Other terms of short-range part are obtained in the
similar way. On the other hand, the long-range part
in the free energy (2.2) is rewritten as

HU{y} = 2o fdg #wqw_q (4.4)
where y4(t) is the Fourier transform of y(r,t),
¥o(t) = [dr y(r.t) exp(—iger) (4.5)
Since the Fourier transform of eq 4.1 gives
Ya= 3Aqoic+ (Agd) (4.6)

eq 4.4 becomes
dg 1
(27 g*

(A Aqi + L.+ 21A_ )
4.7)

H{y} = 5o

where k = kX (X is the unit vector parallel to the x axis),
and d is the spatial dimension (d = 2 in the present
case). After some calculation, we get the following
expression for the free energy:

3

_ _ aa2 L O 4
H:HS+HL—fdr{4|A| + S0lAl +
D, . 2 2 1 dq 1
20K+ DA + [0, )} +gof e NN

cc. +2/A ) (4.8)
4.2. Uniform Solution. We now seek the uniform
periodic structure which minimizes eq 4.8 for a given

value of k. If A(r) = Ap (=real constant), eq 4.8 reduces
to

_yv (L 2, 3 4
H =V 3k @A + 350Ag (4.9)
with
f(k,a) = a + DK + % (4.10)

where V is the total volume of the system. If f(k,a) >
0, the free energy becomes minimum at A; = 0. When
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the initial density profile has this wave vector, its
amplitude will decrease toward zero. On the other
hand, if f(k,a) < 0, the free energy becomes minimum
at

A, = (%‘f(k,a)

)1/2 (4.11)

When the initial density profile has this wave vector,
its amplitude will approach to this value.

It should be mentioned that after substituting eq 4.11
into eq 4.9, we can further minimize the free energy eq
4.9 with respect to k. This leads to

1/4
k=k, = (%)

(4.12)
which corresponds to the optimum wave vector of the
lamellar phase. Furthermore, the value of a satisfying
f(ke,a) = 0 is given by

a=a, = —2(aD)"? (4.13)

This corresponds to the order—disorder transition tem-
perature of the block copolymer. The lamella is the
most stable if k = ke and A(r) = Ao.

4.3. Stability Analysis of Uniform Lamellar
Structure. Our objective here is to study the stability
of the uniform lamellar structure when it is compressed
or expanded. Therefore we ask whether the lamellar
structure with a given nonoptimum k value is locally
stable or not. The above analysis indicates that the
structure is unstable if f(k,a) > 0. This does not mean
that the uniform lamellar structure is stable if f(k,a) <
0, since the structure can be unstable for small modula-
tion of the structure.

To check the stability of the uniform lamella in the
region of f(k,a) < O, we consider the perturbation

A(r) = Ay + €(r) (4.14)

Since A(r) is complex, «(r) is generally written as

e(r) = u(r) +iv(r) (4.15)
with real functions u(r) and v(r). Substituting eq 4.14
as well as its Fourier component
A = A(a) + ¢ (4.16)
to the complex amplitude equation (4.8), we calculate
the increment of the free energy up to the second order

of e. Here the approximation (4.2) is used again. For
example, in the expression

dg 1 A
f(zﬂ)d ?A*q*kAqfk = P(Aod(_ZK) + 2¢e_,,) +

dg 1
f (27?)" FEarwark (417)

the first two terms on the right-hand side are neglected
because of eq 4.2. As a result, we obtain the following
expression for the incremental free energy AH = H{ Ao
+ €} — H{Ap}:
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AH = fdr —%(a—erk2 )u —%vz—l—
—{u(a V) — (3,u)v} + —{(axu)2 + (@,u)’ + (3,v)° +
(av)}] dq 1( Cqk€qk T €€t 2le_g )

(4.18)

To study the stability, we may assume, without loss of
generality, as follows.

U = Ug sin w,x sin wyy + Ug, sin w,x cos wyy +
U, Cos WX sin wyy + U, cos w,x cos w,y (4.193)

V=V sin w,x sin wyy + Vg, sin w,x cos wyy +
Vs €OS W, X SiN Wy + V¢, €OS W,X cos wyy (4.19b)

This gives AH in the following form:

AH = V[J(U Vcs) +JU Vcc) + J(ch'_ ss) +

J(Uee,—Vo] (4.20)

where J(U,V) is an quadratic function of U and V

ss? scC?

J(U,V) = EU? + 25UV + EV? (4.21)

and the coefficients &, », and ¢ are given by

i=1 —(2a+2Dk2 > )+D(W twy) +
%((k - wjz w? sz + Wyz)} e
- R
m )} (4.22b)
=i o e

1
w42
X y

If the quadratic form (4.21) is positive definite for all
(wyx, Wy), the uniform lamellar structure is stable. On
the other hand, if there are some (wy, wy) which make
the quadratic form negative, the uniform lamellar
structure is unstable against the modulation of the wave
vector (Wy, wy). Now we may assume (wx, Wy) is not
equal to (0, 0) since for (wy, wy) = (0, 0) the analysis
becomes equivalent to that done for uniform lamella.
For (wy, wy) = (0, 0), is easy to confirm that both & and
¢ are positive in the region of f(k,a) < 0. Therefore the
stability condition reduces to

S=&—7">0

Expanding S for small values of wy and wy, we get

(4.23)

S = g(kaw,” + h(k,aw,’ (4.24)

where
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g(k,a) = 1—;8{ (D + io‘)(a + DK + kz) -

2(Dk —k—)} (4.25a)

—L(D - k—)(a + DK® + kz) (4.25b)

hka)=—17g

Using a; and k. defined by egs 4.12 and 4.13, these
equations are rewritten as

g(k,a) =

a. 2
a(k
256kezk4{ (

4 a
+3ke)—2k2

e

k2(3k8 + 5ke8)] (4.26a)

hk,a) =
L{a(k“ - ke4) -

256k k" 2k2

(K& — keg)] (4.26b)

The stability of the uniform lamellar structure is
determined by the signs of g(k,a) and h(k,a).

(i) If g(k,a) > 0 and h(k,a) > 0, the uniform lamellar
structure is stable and retains its periodicity even if it
is not the optimum one. This corresponds to the
situation shown in Figure 4a. The region is designated
by MS (metastable) in Figure 5.

(ii) If g(k,a) > 0 and h(k,a) < 0, the uniform lamellar
structure is unstable against the modulation whose
wave vector is parallel to the lamellar plane. This
corresponds to the undulational instability shown in
Figure 4b. This region is designated by UI(1) in Figure
5.

(iii) If g(k,a) < 0 and h(k,a) > 0, the uniform lamellar
structure is unstable against the modulation whose
wave vector is normal to the lamellar plane. This
corresponds to the Eckhaus instability shown in Figure
4c. The region is designated by EIl in Figure 5.

(iv) If g(k,a) < 0 and h(k,a) < 0, both the undulational
instability and the Eckhaus instability can take place.
However, we have numerically checked that the undu-
lational mode is more unstable than the Eckhaus mode;
i.e., we checked at several points (e.g., (kike, a/|ag]) =
(—1.1, 0.84), (—1.16, 0.81), (—1.3, 0.76), etc.) in this
region that the following inequality holds for the same
value of Ugs, Ug, ..., Ve

AH (4.27)

undulation < AHEckhaus
Therefore we classified this region into the undulational
instability (UI(2) in Figure 5).

Finally, if f(k,a) > 0, the lamellae will melt uniformly
since the free energy decreases with the decrease of the
amplitude. This corresponds to the situation shown in
Figure 4d,e. We call such a region the melt instability
region. It is designated by MI in the k—a plane in
Figure 5.

5. Summary and Discussion

In this paper, we have discussed the structural
changes of randomly oriented lamellae of block co-
pooymers under shear flow. In the computer simula-
tion, we observed two typical ways of structural
change: one is breakup and recombination of the
lamellae, and the other is the undulation of lamellae.

We have attributed the occurrence of these structural
changes to the local deviation of the lamellar thickness
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Figure 5. Stability diagram, where a is a model parameter
corresponding to the temperature, and k is the wavenumber
which is proportional to the inverse of the lamellar thickness.
In the region designated MS, the uniform lamellar structure
is metastable. In the other regions, the uniform lamellar
structure is unstable, and the melting instability (Ml), the
Eckhaus instability (El), or the undulational instability (Ul)
occurs. Here a; = —2(aD)Y? corresponds to the order—disorder
transition temperature of the system, and k. = (a/D)¥ is the
wavenumber of the stable uniform lamellae in equilibrium.

from its optimum value due to the shear flow.1! We
then investigated the stability of the uniform lamellae
under the thickness variation by the simulation. The
result is that the compression and expansion induce an
Eckhaus type instability and an undulational type
instability respectively for small variation and the melt
instability for large variation. We have derived analyti-
cally the stability diagram in the temperature and
inverse lamellar thickness plane by constructing the
amplitude equation for the free energy. This enables
us to estimate the magnitude of the deformation at
which the structural change starts to occur.

The present analysis indicates that a new type of
instability, the Eckhaus instability, can take place in
block copolymer lamellae. This is a result of the fact
that our analysis allows a more general modulation of
the structure than was allowed in the earlier analy-
565.11,12

The present work, however, is concerned with the
initial stage of the structural change. Further work is
clearly needed to understand how the randomly oriented
lamellae turn into oriented lamellae. (i) Computer
simulation has to be done for large strain. We have
conducted a simulation for large strains (y < 20) and
observed the formation of a perfectly aligned lamellae
whose normal is parallel to the shear parallel to the
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shear gradient. This is, however, only for one run and
the effects of shear rate and the temperature have not
been studied. Also three-dimensional simulation has
to be done in order to study the possibility of the other
types (i.e., perpendicular and transverse) of lamellar
alignment. (ii) The present analysis is a quasi-static
one. Full dynamical treatment is needed to study how
the shear rate affects the instability and how the
structure evolves in time. Research is now being done
in these directions, and the result will be published in
future.
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